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The Schrödinger Equation

Ek = hν − ϕ, h = 6.626× 10−34 J · s

λ =
h

p

−
ℏ2

2m

d2ψ(x)

dx2
+ V (x)ψ(x) = Eψ(x)

|ψ|2 = ψ∗ψ

eiθ = cos θ + i sin θ

The Particle in a Box
y′′ + py′ + qy = 0, a2 + pa+ q = 0

y = c1e
a1x + c2e

a2x

ψ(x) =

(
2

l

)1/2

sin
(nπx

l

)
, n = 1, 2, 3, . . .

E =
n2h2

8ml2
, n = 1, 2, 3, . . .∫ ∞

−∞
ψ∗
i ψjdx = δij , δij ≡

{
0 for i ̸= j

1 for i = j

Operators (
Â± B̂

)
f(x) ≡ Âf(x)± B̂f(x)

ÂB̂f(x) ≡ Â
[
B̂f(x)

]
[
Â, B̂

]
≡ ÂB̂ − B̂Â

Â [f(x) + g(x)] = Âf(x) + Âg(x)

Â [cf(x)] = cÂf(x)(
Â+ B̂

)
Ĉ = ÂĈ + B̂Ĉ

Â
(
B̂ + Ĉ

)
= ÂB̂ + ÂĈ

Âf(x) = kf(x)

p̂x =
ℏ
i

∂

∂x
, p̂y =

ℏ
i

∂

∂y
, p̂z =

ℏ
i

∂

∂z

Ĥ = T̂ + V̂ = −
ℏ2

2m

d2

dx2
+ V (x)

Ĥψ = Eψ

∇2 ≡
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2[
−

n∑
i=1

ℏ2

2m
∇2

i + V (x1, . . . , zn)

]
ψ = Eψ∫

|ψ|2dτ = 1

⟨B⟩ =
∫
ψ∗B̂ψdτ

The Harmonic Oscillator

y(x) = a0 + a1x+ a2x
2 + a3x

3 + · · · =
∞∑

n=0

anx
n

x = A sin(2πνt+ b), ν =
1

2π

(
k

m

)1/2

Fx = −
∂V

∂x
, Fy = −

∂V

∂y
, Fz = −

∂V

∂z

V =
1

2
kx2, T =

1

2
m

(
dx

dt

)2

E =

(
v +

1

2

)
hν, v = 0, 1, 2, . . .

Angular Momentum

[
Â, B̂

]
= −

[
B̂, Â

]
[
Â, Ân

]
= 0, n = 1, 2, 3, . . .[

kÂ, B̂
]
=

[
Â, kB̂

]
= k

[
Â, B̂

]
[
Â, B̂ + Ĉ

]
=

[
Â, B̂

]
+

[
Â, Ĉ

]
[
Â+ B̂, Ĉ

]
=

[
Â, Ĉ

]
+

[
B̂, Ĉ

]
[
Â, B̂Ĉ

]
=

[
Â, B̂

]
Ĉ + B̂

[
Â, Ĉ

]
[
ÂB̂, Ĉ

]
= Â

[
B̂, Ĉ

]
+

[
Â, Ĉ

]
B̂[

L̂2, L̂x

]
= 0,

[
L̂2, L̂y

]
= 0,

[
L̂2, L̂z

]
= 0[

L̂x, L̂y

]
= iℏL̂z ,

[
L̂y , L̂z

]
= iℏL̂x,

[
L̂z , L̂x

]
= iℏL̂y

L̂2Ym
l (θ, ϕ) = l(l + 1)ℏ2Ym

l (θ, ϕ), l = 0, 1, 2, . . .

L̂zY
m
l (θ, ϕ) = mℏYm

l (θ, ϕ), m = −l,−l + 1, . . . , l− 1, l

Mathematical Relations
Logarithms and Exponentials

lnx+ ln y + · · · = lnxy · · · , lnx− ln y = ln
x

y

a lnx = lnxa

exeyez · · · = ex+y+z+···

ex

ey
= ex−y , (ex)a = eax

Derivatives

d (f + g) = df + dg

d (fg) = fdg + gdf, d

(
f

g

)
=

1

g
df −

f

g2
dg

df

dt
=

(
df

dg

)(
dg

dt

)
for f = f (g (t))(

∂y

∂x

)
z

=

(
1

(∂x/∂y)

)
z(

∂y

∂x

)
z

(
∂x

∂z

)
y

(
∂z

∂y

)
x

= −1

dxn

dx
= nxn−1,

deax

dx
= aeax,

d ln (ax)

dx
=

1

x

Integrals ∫
1

x
dx = lnx+ C∫

1

ax+ b
dx =

1

a
ln (ax+ b) + C∫

e−kxdx = −
1

k
e−kx + C∫

sin2 (kx) dx =
1

2
x−

1

4k
sin (2kx) + C∫

sin (kx) cos (kx) dx =
1

2k
sin2 (kx) + C∫ ∞

−∞
cos (kx) sin (kx) dx = 0∫ ∞

−∞
e−a(x+b)2dx =

(π
a

)1/2

∫ ∞

−∞
x2ne−αx2

dx =
(π
α

)1/2 (2n− 1)!!

(2α)n
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