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The Schrödinger Equation

Ek = hν − ϕ, h = 6.626× 10−34 J · s

λ =
h

p

−
ℏ2

2m

d2ψ(x)

dx2
+ V (x)ψ(x) = Eψ(x)

|ψ|2 = ψ∗ψ

eiθ = cos θ + i sin θ

The Particle in a Box

y′′ + py′ + qy = 0, a2 + pa+ q = 0

y = c1e
a1x + c2e

a2x

ψ(x) =

(
2

l

)1/2

sin
(nπx

l

)
, n = 1, 2, 3, . . .

E =
n2h2

8ml2
, n = 1, 2, 3, . . .∫ ∞

−∞
ψ∗
i ψjdx = δij , δij ≡

{
0 for i ̸= j

1 for i = j

Operators (
Â± B̂

)
f(x) ≡ Âf(x)± B̂f(x)

ÂB̂f(x) ≡ Â
[
B̂f(x)

]
[
Â, B̂

]
≡ ÂB̂ − B̂Â

Â [f(x) + g(x)] = Âf(x) + Âg(x)

Â [cf(x)] = cÂf(x)(
Â+ B̂

)
Ĉ = ÂĈ + B̂Ĉ

Â
(
B̂ + Ĉ

)
= ÂB̂ + ÂĈ

Âf(x) = kf(x)

p̂x =
ℏ
i

∂

∂x
, p̂y =

ℏ
i

∂

∂y
, p̂z =

ℏ
i

∂

∂z

Ĥ = T̂ + V̂ = −
ℏ2

2m

d2

dx2
+ V (x)

Ĥψ = Eψ

∇2 ≡
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2[
−

n∑
i=1

ℏ2

2m
∇2

i + V (x1, . . . , zn)

]
ψ = Eψ∫

|ψ|2dτ = 1

⟨B⟩ =
∫
ψ∗B̂ψdτ

The Harmonic Oscillator

y(x) = a0 + a1x+ a2x
2 + a3x

3 + · · · =
∞∑

n=0

anx
n

x = A sin(2πνt+ b), ν =
1

2π

(
k

m

)1/2

Fx = −
∂V

∂x
, Fy = −

∂V

∂y
, Fz = −

∂V

∂z

V =
1

2
kx2, T =

1

2
m

(
dx

dt

)2

E =

(
v +

1

2

)
hν, v = 0, 1, 2, . . .

Angular Momentum

L̂2 = L̂2
x + L̂2

y + L̂2
z[

L̂x, L̂y

]
= iℏL̂z ,

[
L̂y , L̂z

]
= iℏL̂x,

[
L̂z , L̂x

]
= iℏL̂y[

L̂2, L̂x

]
= 0,

[
L̂2, L̂y

]
= 0,

[
L̂2, L̂z

]
= 0

L̂2Ym
l (θ, ϕ) = l(l + 1)ℏ2Ym

l (θ, ϕ), l = 0, 1, 2, . . .

L̂zY
m
l (θ, ϕ) = mℏYm

l (θ, ϕ), m = −l,−l + 1, . . . , l− 1, l

The Rigid Rotor
ψ = Ym

J (θ, ϕ)

µ ≡
m1m2

m1 +m2

E =
J(J + 1)ℏ2

2µd2
, J = 0, 1, 2, . . .

The Hydrogen Atom
ψ = R(r)Ym

l (θ, ϕ)

F = −
Ze2

4πϵ0r2
r

r

E = −
Z2µe4

8ϵ20n
2h2

, a ≡
4πϵ0ℏ2

µe2

ψnlm = Rnl(r)Y
m
l (θ, ϕ) , n = 1, 2, 3, . . . ,

l = 0, 1, 2, . . . , n− 1, m = −l,−l + 1, . . . , 0, . . . , l− 1, l

Theorems of Quantum Mechanics

∫
f∗mÂfndτ ≡ ⟨fm|Â|fn⟩ ≡ ⟨m|Â|n⟩∫

f∗mfndτ ≡ ⟨fm|fn⟩ ≡ ⟨m|n⟩

⟨f |B̂|g⟩ = ⟨f |B̂g⟩

⟨cf |B̂|g⟩ = c∗ ⟨f |B̂g⟩

⟨f |B̂|cg⟩ = c ⟨f |B̂g⟩
⟨m|n⟩∗ = ⟨n|m⟩∫

f∗mÂfndτ =

∫
fn

(
Âfm

)∗
dτ

⟨fm|Â|fn⟩ = ⟨fn|Â|fm⟩∗

Electron Spin

Ŝ2 = Ŝ2
x + Ŝ2

y + Ŝ2
z[

Ŝx, Ŝy

]
= iℏŜz ,

[
Ŝy , Ŝz

]
= iℏŜx,

[
Ŝz , Ŝx

]
= iℏŜy[

Ŝ2, Ŝx

]
= 0,

[
Ŝ2, Ŝy

]
= 0,

[
Ŝ2, Ŝz

]
= 0

Ŝ2f = s(s+ 1)ℏ2f, s = 0,
1

2
, 1,

3

2
, . . .

Ŝzf = msℏf, ms = −s,−s+ 1, . . . , s− 1, s

Ŝ2α =
3

4
ℏ2α, Ŝ2β =

3

4
ℏ2β

Ŝzα = +
1

2
ℏα, Ŝzβ = −

1

2
ℏβ

Coordinate Systems

x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ

r2 = x2 + y2 + z2

cos θ =
z

(x2 + y2 + z2)1/2
, tanϕ =

y

x

If f [r(x, y, z), θ(x, y, z), ϕ(x, y, z)] = g(x, y, z), then(
∂g

∂x

)
y,z

=

(
∂f

∂r

)
θ,ϕ

(
∂r

∂x

)
y,z

+

(
∂f

∂θ

)
r,ϕ

(
∂θ

∂x

)
y,z

+

(
∂f

∂ϕ

)
r,θ

(
∂ϕ

∂x

)
y,z∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
dxdy dz =

∫ 2π

0

∫ π

0

∫ ∞

0
r2dr sin θ dθ dϕ
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